ECE 6010
Lecture 7 — Analytical Properties of Random Processes

Let X be a function of time, and let h(¢) be the impulse response of a (continuous-
time) linear time invariant system. If X, is the input to the system, then the output is
Y = Xy xh(t) = / h(t — )X, dr.
We will consider such operations when X, is a random process. This will require us to
develop some additional analytic properties of random processes.

Continuity

Let T = (a,b). Recall that a function f : T — R is continuous at ¢¢ if lim;_, f(¢) =
f(to). f is continuous if it is continuous for every tq € (a, b).

Definition 1 For a random process { X;, ¢ € T'}, we say X is continuous with probability
1if P{w € Q: Xy (w),t € T is continuous}) = 1. O
Continuity w.p. 1 is usually quite strong, in fact stronger than is typically needed for
analysis.
We say that {X;,t € T} is continuous in probability at ¢y if X; — X, (i.p.) as
t — to. That s,
Jim P(1X; = X| > €) = 0 forall e > 0.

We say that { X;,¢ € T'} is mean-square continuous at ¢, if X; — X;, (m.s.) as ¢ — to.
That is,

Jim E[1X; — X4|%] = 0.

—lo

An important property: A second-order random process is mean-square continuous at ¢ =
to ifand only if Rx (¢, s) is continuous at t = s = ¢, that is

lim Rx(t,s) = Rx(t(),t()).

t—to,s—to
Proof (If) Suppose Rx (t, s) is continuous at t = s = . Then
E[|X;—X1,|?] = B[X?]-2E[X; X, |+ E[X[] = (Rx (t,t)—Rx (t, t0))+(Rx (to, to)— Rx (t, t0))

Continuity of Rx implies that lim;_,;, Rx (¢,t) = lim¢—+, Rx (¢,t9) = Rx(to,to). SO
1imt_,t0 EHXt — Xt0|2] = 0
(Only if) We have
[Xth] - E[XtoXtOH
[ (Xs — Xio)| + El(Xt — X)Xt + E[(Xs — Xio) X ]|
(Xs = Xeo)]| + [E[(Xe — X)) Xoo ]| + [ E[(Xs — Xio) X ]|

< VE[(Xe — X4 E[(Xs — Xe)?] + \/E[(Xt — X1 2 E[X3] + VEI(Xs — X¢, )2 E[ X, ).

Since E[X; — X;,] — 0ast — to, each term in the sum — 0. Thus Rx (¢, s) is continuous
att = s = tg. O

Example 1 (Homogeneous Poisson counting process). Rx(t,s) = Amin(¢,s) + A\%ts.
This is continuous at every point at every ¢t = s = ¢, for every t, € R*. So the process is
mean-square continuous.

But recall the sample path is a series of jumps: any realization is discontinuous with
probability 1. m]
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Example 2 Let X; be a Gaussian random process with
Rx(t,s) = o® min(t, s) + u’ts.
This is also mean-square continuous. It can be shown that this process is also continuous
with probability 1.
(This process is called the Wiener process; we will have more to say about it later.) It
models random diffusion or Brownian motion. O

For a W.S.S. process, we have the following: A W.S.S. r.p. X} is mean-square continu-
ous if and only if Rx (7) is continuous at 7 = 0. This follows since Rx (¢,s) = Rx (t —s),
and

lim  Rx(t s) = lim Rx (7).
(t,s)—(to,to) T—0

Differentiation

Recall that f : T'— R is differentiable at t, € T if
lim f(t) = f(to)

!
=1t
P f'(to)
exists.
Similarly, ar.p. {X;,t € T} is mean-square differentiable at ¢, if
X — Xiy

X, = lim
to t—to t— 1o
exists in the mean-square sense, that is,

2

X — X
kL et 1 ]Hoastﬂt().

t—1o

If X is mean-square differentiable at every ¢, € T, then X/ defines another random pro-
cess on the underlying probability space (w, F, P).
Suppose Y; is a second-order random process, and lim;_,;, Y = Z (m.s.). Then:

1. E[Z?] < ;
2. and if F[X?] < oo then

E[\Xzo -

lim B[Y,X] = B[ZX].
—to

Proof
1. Z =Y, + Z — Y, Thensince (a + b)? < 4a? + 4b%, we have
72 <AYP +4(Z - Y)?
and
B[Z%] S AB[Y?] +4E((Z - Y2)?]
But each of these are < oo for ¢ sufficiently close to ¢, (by mean-square conver-
gence.) So E[Z?] < oo forall ¢.

2. We have )

0< |lim EY,X] - E[ZX]
—1lo

= |E[(Y: - 2)X]|?
< E((Y; — 2))|E[X?]
= 0.
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Properties of the derivative

Suppose {X;,t € T'} is mean-square differentiable with mean-square derivative { X{,t €
T'}. Suppose that { X, } is second order. Then:

1. {X/} is also second order. (This follows from the first fact above.)

2. 2Rx(t, s) exists, and equals Rx- x (t, s).

ot
Proof % _x
Rx:x(t,s) = E[X/X,] = E[lim =4t x ]
g—t q—1
=limE [MX ;] (from fact 2 above)
q—t q— t
iy B XS] — BIX X
q—t q— t
iy Bx(@:5) — R (t,s)
q—t q— t
0
= —Rx(t
at X( Y S)
O
0 0 . .
3. a_aRX(t’ s) exists and is equal to Rx/(t, s) forall ¢,s € T.
S
Proof
Rx/(t,s) = E[X!X!] = E[X/lim KXo = Xs
qg—s q— S
I _ /
= lim BIXiX,] - BIXGX] (from fact 2 above)
q—s qg—Ss
0 0
—Rx(t,s) — = Rx(t
o Bxox(ts) — Ruox(tys) i) — g Rx(ts)
q—s q—s q—s q—Ss
0 0
O

4. %MX (t) exists and is equal to px- ().

5. Suppose T' = R and X, is also W.S.S. Then {X/} is also W.S.S. Also, {X;} and
{X} are jointly W.S.S. Also,

@ uy =0.
(b) RX/X(T) = %Rx(’r)
(©) Rx/(7) = — & Rx (7).

On the existence of the mean-square derivative

It can be shown that a sufficient condition for the existence of X/ is the existence of
82

Rx(t,s) at (t,s) = (to,t0). A necessary condition is the existence and equality of

Ot0s . i

the mixed partials
0 {8 0 [d
N A2 .
ot | Os (t=s=to) Os [0t (t=s=to)
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If X; is W.S.S., then these two conditions are the same. So X exists if and only if

d2
‘ < 0.

ar2 x (1)

T7=0

By a result we will show later, we will find that

R/ (0) = —Rx (0) / T Sk (w).

— 00

So the existence of X for a WSS process X; is equivalent to the condition that the second
moment of the PSD of X is finite.

Example 3 Let X; be a process having

k
) =g
In this case,
-R (())*L/Oo wQde*oo
XN T o L e
so the process is not mean-square differentiable. i
Integration

For a function f : T — R, we define a Riemann integral as

chu i) /f

wherea =tg <t <---<t,=band z; € (tifl,t”.
Let us define a similar sort of limit for a random process. We will define the limits in

the mean-square sense. Then
b
/ X, dt
a
is the mean-square integral of X;.

Properties of M.S. integrals f: X, dt:

max |t; 7t1 1 \~>0

1. The integral exists if and only if

/ /RX s) dtds < oo.

Proof f(f X, dt exists if and only if

lim E zn:Xci(ti ZXﬁJ —8j-1)
=1

max |t;—t;—1|—0,max |s; —s;_1|—0

:hmZZE[XQXCk](tZ* i— 1)(tk7tk 1 7QZZEXQX’BJ
i=1 k=1 i=1 j=1

m

ZZE XﬁJXﬁL —sj-1)(s1 — s1-1)

j=11=1

~1)(5;

—sj-1)+
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The expectations can be replaced as

m

limZZRX(CuCk)(ti— i 1)(tk—tk 1 —QZZRX Cuﬁg it 1)( — s, 1)+
=1 k=1 i=1 j=1
ZZRX B, Bi)(sj — sj—1)(st — s1-1) = 0
j=11=1

The equality to zero is the Cauchy criterion for the Riemann sums defining ff f; Rx(t, s) dtds.
Thus, the integral exists implies that f: f: Rx (t,s) dtds exists. o

2. Assume that fb X, dt exists. Then E[ff X dt] = f E[X]dt = f pa (t

f X, dt)? f f Rx (t, s) dtds.



