Utah State University
ECE 6010
Stochastic Processes
Homework # 9 Solutions

1. Suppose {X;,t € R} is a ramdom process with power spectral density

1

Find the autocorrelation function of X;.
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Similarly,
Rx(7) = i (—te" +¢€") (for T < 0)
Therefore,

1
Rx(r) = 3¢ 7I(Jr] + 1)
2. Suppose that w is a random variable with p.d.f. f, and 6 is a random variable independent of

w uniformly distributed in (—m, 7). Define a random process by X; = acos(wt + 6), t € R where
a is a constant. Find the power spectral density of {X;}.

E[X:, X1,] = E{a*cos(wty + ) cos(wta + 6)

1
= iaQE{cos(wtl — wtg) — cos(wty + wia + 260)}

1
= —a® | E{cos(wt; — wty)} — F{cos(wts + wty +20)}

2
0
= %aQE{cos(wtlfwtg)}
= %QQ [m cos(Tw) fuw (W) dw = %GQ [m Mfw(w) dw
= 10 2 F L) + FHfu(-))]
wa?

— T[}"*l{fw(w)} + F Hfu(-w)}]



Therefore,
ma?
SX(W) = T[fw(w) + fw(fw)]
3. Suppose events occur randomly in 7' = [0,00) in the following way:

(a) The numbers of events in nonoverlapping intervals are independent of one another.

(b) P(exactly one event in (¢, ¢+ At)) = A(t)At + o(At), where A(t) is a continuous nonnegative
function on [0, c0).

(c) P(more than one event in an interval of length At) = o(At).

Define a random process {X;,t € T} by Xo = 0 and z; i s the number of events occurring in
(0,¢].

(a) For t > s > 0, show that (X; — X;) is a Poisson random variable with parameter fzt Az) dx.
P(k events in [s,t]) = pg(t,s) for t > s >0 and k > 0.

pr(t+At,s) = pi(t,s)(1 — A(t)At + 0o(At)) + pr—1(t, s) (M)At + o(At)) + pr—1(t, s)o(At)
= pi(t,s)(1 = AMt)At + o(At)) + pr-1(t, s)(A(t) At + o(At)) + o(At)

d . ope(t+ At s) — pi(t, s
Spntt,) = fim PATEES TP 05 4 st 970
— JEX()da ( k
If pr(t, s) = £ IE;[ Ma)da) satisfies the above equation then we can say that X; — X is a Poisson

random variable with parameter f: Agq) dg.

Now, let I = [?X(q) dg and I’ = A(t)

Therefore,
d (ts) = —I'el 1% 4 el kI* 11
atPe\ ) = k!
I/eIIk eIIk71]/
= - +
k! (k—1)!
e[[k e[[k—l
= At At
O+ G0

= —pi(t, $)N) + pre_1(t, s)A(1)

So that pi(t, s) does satisfy. And X; — X is Poisson.

(b) Find the mean and autocorrelation functions of {X,}.

We have, E[X; — X,] = Y7, kpk(t, s). So,

E[X:] = E[X:— X = Z kpy(t,0)
k=0

. k
oo e~ Jo Ma)dg (fot A(q)dq)

= Z k A
k=0
t

Aq) dg

0



Now,

E[X,X,] = E[Xi(X:+ X, —X,)] = E[X?] + E[X,(X, — X,)]
E[X}]+ E[X\Y:] = E[X}] + E[X,]E[Y{]
= M FAx FAxdy = Ax(Ax +14+)y)

/Ot Ag)dq Uot AMg)dg + 1+ /: A(q)dq}

Rx(t.s) = [ M) [ | 7@ da+ 1} (for s> 1)

0 0

So,

and

s t

Rx(t,s) = / Aq)dq [/ Aq) dg + 1} (for t > s)

0 0

4. Suppose that {X;,t € R} is a w.s.s., zero-mean, Gaussian random process with auto-correlation
function Rx(7),7 € R and power spectral density Sx(w),w € R. Define the random process
{Y;,t € R} by Y; = (X;)%,t € R. find the mean, autocorrelation, and powerspectral density of
{Y;,t € R}.

Mean :
1y (t) = E[X7] = Rx(0) = o
Autocorrelation :
Ry(t,s) = ENY.=E[X]X]]
o 1
S Y —
du2op? XX (u,0) wevep Ot
= R%(0)+2R%(1) (r=t—s)
PSD :

Sy (w) = F{Ry (1)} = 2rR% (0)0(w) — 2(Sx (w) * Sx (w))

5. Suppose U and V are independent random variables with E[U] = E[V] = 0 and var(U) = var(V) =
1. Define random processes by

Xy =Ucost+Vsint Y;=Usint+ Vcost, teR.

Find the autocorrelation and cross-correlation functions of {X;,t € R} and {Y;,t € R}. Are
{X:} and {Y;} jointly wide sense stationary? Are they individually wide sense stationary?

Rx(t,s) = E[X{Xs]=E[Ucost+ Vsint)(Ucoss+ Vsins)]
E[U? costcoss + UV (costsins + sint cos s) + V2 sin t sin ]
cost cos sE[U?] 4+ E[U]E[V](costsin s + sint cos s) + E[V?]sintsin s

costcoss + sintsins

= cos(t — s)

Similarly,
Ry (t,s) = cos(t — s)



Rxvy(t,s) = FE[X:Y;]= E[(Ucost+ Vsint)(Usins+ V coss)]
= E[U?%costsins + UV(costcoss + sintsins) + V2 sint cos ]
= E[U? costsins + E[UV](cost cos s + sintsin s) E[V?]sint cos s
= costsins + sintcos s
= sin(t+s)

px(t) =0 py(t)

So, {X:} and {Y:} are individually WSS, but not jointly WSS.



