Utah State University
ECE 6010
Stochastic Processes
Homework # 8 Solutions

1. Suppose {X;,t > 0} is a Wiener process. Define a process {Y;,t > 0} by V; = Xy1p — X; for a
fixed positive number D.

(a) Find the mean and autocorrelation functions of {Y;}.

Mean :
py (t) = EY}] = E[Xy1p] — E[Xe] = p(t + D) — p(t) = pD
Autocorrelation :
Ry(t,s) = E[(Xurp —Xi)(Xepp — X))

E[Xt+pXsip] — E[Xt+pXs] — E[ X Xsip] + E[X: X
= [o*min(t 4+ D,s+ D) + p*(t + D)(s + D)] — [o? min(t + D, s) + p*(t + D)s]
—[o?min(t, s + D) + p%(S + D)t] + [0* min(t, s) + p’st]
= o?[min(t + D, s + D) — min(t + D, s) — min(t,s + D) + min(t, s)]
| ts+Dt+sD+D2—st—sD—st—Dt+st]
B { 2[s4+ D —s—min(t,s + D)+ s] +uD? t>s
N t—i—D—t—mm(ts—i—D)—i—t]—i—uDQ t<s
t>s,t—s—D2>0
s—t+D]+;¢2D2 t>s,t—s—D<O
t<s,t—s+D<0
t—s+D]+M2D2 t<s,t—s+D>0
{ 2D2 It —s| > D
—[t—s|]+u*D?* |t—s| <D

So Ry (t,s) = 02 ax(0,D — |t — s|) + pu?D2.

(b) Show that {Y;} is a stationary and find its spectrum.
py(t) is a constant and Ry (t,s) = Ry (t —s) = W.S.S.
Since Gaussian too = Strictly Stationary.

2 2
Ry (1) = p?D? + [rect <5T) * rect <5T)] o’D

sin?(wD/2)
(@D/2)?

So,
Sy (w) = F{Ry (1)} = 27> D?*5(w) + 0*D

2. Suppose {X;} and {Y;} are zero mean and individually and jointly W.S.S. Show that the mean-
square error associated with the noncausal Wiener filter for estimation of X, from {Y;,t € R}

5 | [ - Bt .



MSE = E[(X, - X,

= EB[X]] - E[X:X/]

(B[(X: — X)Xi] =0 = E[X,X/] = E[X7])

= E[X?] - E[X}

= Rx(0) — R (0)

= [ (5x() — Sg(w) d

= % - (Sx(w) = [Ho(w)[*Sy (w)) dw
1 [Sxy (W)[?

= o ,OO(SX(‘”)_WSY(W)) dw
1 [Sxy (W)[?

= o L Ty

3. Suppose Y; = Sy + N, for t € R, where {S;} and {NV;} are zero-mean, W.S.S., and orthogonal.

Suppose that we wish to estimate X; = ffooo k(t — 7)S; dr, with an estimate of the form X,

ffooo h(t — 7)Yr dr, where k and h are impulse responses of linear time-invariant systems. show

that

E[(X; — Xy)?] =

1

T on

[ 1K@ - HPSs@) + 1PN ) do

—00

where K and H are the transfer functions of k and h, respectively, and Sg and Sy are the power

spectral densities of {S;} and {N;}. (Note the case that k(t) = 6(t — A) for some fixed A € R.)

_E _(/::k(t—T)ST dT—/::h(t—T)YT dTﬂ
/_Z k(t — 7S, dr — /_Z h(t — )8, dr — /_Z h(t — 7)N, dTﬂ

(
. (/_00 (k(t — 7) — h(t — 7))S, dr — /oo h(t — T)N; d7'>2]
< (s

E[(X: — X;)?]

Il
&

/oo (k(t — ) — h(t — 7))S, dT) 2

—00

+F

— Ruw(0) + Rz(0)
Where W(t) = [%_(k(t —7) — h(t —7))S- dr
( and Z(t)= [ _h(t—T)N; dr )

o0
[e.o]

[e.9]

1

1 o0 o0
_ %/_ Sowr(w) dw+%/_oosz(w) dw
1

= 5r | K@)~ H@PSs(w) + [H@PSy)] do



4. Consider the situation of the previous problem with k(¢) = 6(t — A),

A? N,
Sg(w) = 212 Sn(w) = 70

(a) Find the noncausal Wiener filter for estimating X; from {Y;,¢ € R}. Find the corresponding
mean-square error.

When k(t) = o(t — A),
Xt:/ 6(t—)\—T)STdT:St_)\

and
K(w)=F{(t—N}= eI

Ry (t,u) = E[(St+ N)(Su + Nu)
= E[SiSy + S¢Ny+ NpSy + NN
= Rs(T)+RSN(T)+R5N(—T)+RN(T)
Sy(w) = Ss(w)+ Snv(w) + Ssn(w) + Ssn(—w)
= Sg(w)+ Sn(w) + 2 Re[Ssn(w)]
(Since S L N, Ssy =0)
= Sg(w)+ Sny(w)

Rxy(t,u) = E[XY,]
— B[S A8u] + BlSi AN
= Rs(t—A—u)+ Rsn({t—X—u)
Rxy (1) = Rs(t—u)+ Rsn(T —u)

Sxy(w) = e7**Sg(w) + e 7 Son(w)
(Since S L N, Rgy = Ssny =0)
= e 7MS5(w)
Sxy(w
Ho(w) = ng(EJ )>
%)
Ss(w) + Sn(w)
242 1 ., >
= Touﬂ—i—ﬁ?e J@A (where 32 = o? + %)
holt) = 7~ {Hofe)} = e
o o= ﬂNoe



From the previous problem

MSE = o [ (1K)~ H@)PSs() + [H@)PSy(w)] do
L[ e €Ss(w) [P | e ASs(w) [
oo _Oo‘ Sg(w)—i-SN(w) Ss Sg(w)—i-SN(w) S dw
1 S 520 )
-5/ (55@) + Sw@)? 5 ¥ Gy + sy

1™ SR@)Ss(e) + @)
) (Ss(@) + Sw (@)

_ 1 *© Ss(w)Sn(w) do
21 J_oo Ss(w) + Sy (w)

(b) Find the causal Wiener filter for estimating X; from {Y;,7 <t}. Consider A < 0 and A > 0.

We have
)

where

2 2 2 2 2 2 1/2
Sy (@) = Ss(@)+Sy(w) = 4 No _ ATHa"No/2+wNo/2 _ No/2(w +ila” + 247 /No] )

T2+ w? ! 2 a? + w? (w+ia)(w -
so
o9 2 1/2 9 2 1/2
— i[a? + 242 /Ny _ w +i[a? + 242 /N,
Fw) = /N2 il = /No/2
S§(w) = v/No/ — Sy () o/ o+ ia
Now
A Sxy(w) A? o —iw A2 1 1 oA . . .
Hy(w) = 5o () S0 o aidlatiw 7w e (partial fraction expansio

Taking the inverse Laplace transform,

A2

ha(t) = [e—a“—%(t —A) e BNy (4 A)}
A?/(a+ByT
e—bet (—t+X) efalpha(tf)\)

¥

e P )\
Let 4
B eﬂ“’)‘Ss(w)
Ss(w) + SN(w)

(the thing whose [ |+ we need to compute. Then

Hg(w)

942 1 242 1
H — WA — WA
2(0.?) € NO (2A2/N0 +a2) —|—w2 € NO ﬂ2 +w2’

4



where 32 = 242 /Ny + a?. Then

ha(t)

_ Nog
2Nof3

9 A2 PN A2 o=BteBN >\
e =
%eﬁte_ﬁ’\ t< A

For A > 0 we have delay, so that the filter performs smoothing.

AQ

m(t) = (@) = et = 0) 4 Pt - ) u(-] L

Transforming

2
A o> 1
a+ 3 b—iw

Hy(w) = Hay(w) — (throw away the noncausal part)

Then
1 w — ia A2 a1

Holee) = V/No /2w —i[a? 4+ 2A% /Ng]1/2 Halw) = atf b—iw




