Utah State University
ECE 6010
Stochastic Processes
Homework # 7 Solutions

1. Suppose {X;,t > 0} is a homogeneous Poisson process with parameter A. Define a random vari-
able 7 as the time of the first occurrence of an event. Find the p.d.f. and the mean of 7.

p.d.f. :
We have,
ef)‘t()\t)k
So, P(T > t) = P(Xt = 0) — N
and P(t <t)=1—e M ie Fy(t)=1—e.
Therefore,
fr(t) = e M
Mean :
~ 1 11
E[r] = /0 AN dr = —1e A — Xe_)\T ) = 0-04+04+ =3

2. Suppose {X;,t € R} is a w.s.s. random process with autocorrelation function Ry (7). Show that
if Rx is continuous at 7 = 0 then it is continuous for all 7 € R.

(E[Xr15X0] — E[X-X))?

(B[Xo(Xry5 — X,)])?

E[X3)E[(Xr45 — X;)?] (Cauchy-Schwartz)
Rx(0)[Rx(0) — 2Rx(9) + Rx(0)]

2Rx (0)[Rx (0) — Rx(d)]

<2Rx(0)e

[Rx (7 +0) = Rx(T)]* =

o IA

So,
= ‘Rx(’r—i-é) — Rx(’i‘)’ < QR)((O)E

= |Rx(T +6) — Rx(1)| < ¢
So continuous at all 7.

3. Under the conditions of problem 2, show that for a > 0,

2(Rx(0) — RX(T))_

P(|Xtpr = Xi| > a) < 5

a

Let g(x) = 22, g is non-negative, non-decreasing on [0, cc) and symmetric about 0. Then,

P(x| = by < 202,




Now, our example corresponds to:

B[ Xer — Xif?]
CL2
Rx(0) —2Rx(7) + Rx(0)
CL2
2(Rx(0) — Rx(7))
a2

P(|Xpyr — Xyl > a) <

4. Suppose A and B are random variables with E[A?] < co and E[B?] < oc. Define the random
processes {X;,t € R} and {Y;,t € R} by

—A+Bt Y,=B+At, teR.

Find the mean, autocorrelation, and cross correlations of these random processes in terms of the
moments of A and B.

Mean :
pux(t) = E[A+ Bt] = E[A] + tE|B|
py (t) = E[B + At] = E[B] + tE[A]
Autocorrelation :
Rx(t,s) E[X: X]
= E[(A + Bt)(A+ Bs)]
= FE[A%* + ABs + ABt + B*ts]
= E[AY + E[AB](s +t) + E[B?|ts
Similarly,

Ry (t,s) = E[B% + E[AB](s +t) + E[A?]st
Cross correlation :

Rxy(t,s) = E[X:Y]]

— E[(A+ Bt)(B + As)]

= E[AB + A%s + B*t + ABts]
[

= E[AB](1 + st) + E[A%s + E[Bt

5. Homogeneous Poisson

Simply take pg(t,s) and substitute it back into the differential equation and show that it works.

0 9 e M=) (\(t — s))k
&p’“(t 8)= ot (k!( 2
ANt = 8)F + e M RAN(E — 5))F !
B k!
__ o= A(t—s) . k —A(t—s) o k—1
N (At —3s)) L€ (At —s))
k! (k —1)!

= Apr_1(t, s) — pi(t, s)]



6. Inhomogeneous Poisson

Simply take pg(t,s) and substitute it back into the differential equation and show that it works.

O o e S ([ Asd)t !
_pk( 78) - k!

ot !
o= [P Aeda (ft)\ dz)k—1
e S s €T
:M[ A )

= Aelpr—1(t,s) — pr(t, s)
Mean: f; A dz
Covariance: Assume that t > s:
BIX;X,] = B[(X: — X5)X,] + E[X]] = BIX; — X,]E[X,] + E[X]]

t s
= {/ Azdx + 1} / A dx
0 0

Similarly when ¢ < s. Then
s t
Rx(t,s) = [/ Azdz + 1] / Az dx
0 0

7. Suppose {X;,t € R} is a random process with power spectral density

1

Sx(w) = (T

Find the autocorrelation function of X;.

1" 1 (" 1 [
= —/ ele! T dt + —/ et T dt + —/ e te™tdt  (for T >0)
4 ) 4 Jo 4 /.
1 0 T oo
:-{/ ﬁ”ﬁ+/e”ﬁ+/ J%ﬁ}
4 —o0 0 T
_ 11 T T 1 -7
= 4|:2€ + Te +26 }
1
= Z(TeT—i—e 7)) (for 7 >0)
Similarly,
1
Rx(7) = 1 (—re" +€7)  (for 7 <0)
Therefore,

Rxcﬂ::ie%ﬂ07|+1)



8. Suppose that w is a random variable with p.d.f. f, and 6 is a random variable
independent of w uniformly distributed in (—m,7). Define a random process by
X; = acos(wt 4+ 0), t € R where a is a constant. Find the power spectral density
of {Xt}'

E[X, X:,] = FE{a®cos(wt; + 0) cos(wty + )
1
= §a2E{cos(wt1 — wty) — cos(wty + wty + 20)}

1
= §a2 E{cos(wt] — wta)} — E{cos(wty + wts + 20)}

0

1
= §a2E{cos(wt1 — wta) }

1 (o) 1 0o L jwT —jwT
= —a2/ cos(Tw) fu(w) dw = §a2/ ij’w(w) dw

2" | . 2
= L )+ ()

7TCL2
_ T[;rfl{fw(w)}Jrf”{fw(—W)}]

Therefore, ,
Sx(@) = T lfulw) + ful—w)

9. Suppose that {X;,t € R} is a w.s.s., zero-mean, Gaussian random process with auto-
correlation function Rx(7),7 € R and power spectral density Sx(w),w € R. Define the
random process {Y;,t € R} by Y; = (X;)?,t € R. find the mean, autocorrelation, and
powerspectral density of {Y;,t € R}.

Mean :
() = E[X?) = Rx(0) = o
Autocorrelation :
Ry(t,s) = E[VY,] = E[X?X?]
o 1
- — @ -
Ou2ov? xx, (t, 0) w=v=0 74
= R%(O) + 2R§((T) (t=t—29)
PSD :

Sy (w) = F{Ry (1)} = 27 R%(0)0(w) + 2(Sx (w) * Sx(w))

10. Suppose U and V are independent random variables with E[U] = E[V] = 0 and var(U) =
var(V') = 1. Define random processes by

X;=Ucost+ Vsint Y,=Usint+Vecost, teR.



Find the autocorrelation and cross-correlation functions of {X;,t € R} and {Y;,t € R}.
Are {X;} and {Y;} jointly wide sense stationary? Are they individually wide sense
stationary?

Rx(t,s) = E[X:Xs|=E[(Ucost+ Vsint)(Ucoss+ V sins)]
E[U? costcos s 4+ UV (costsin s + sint cos s) + V2 sin t sin s]
costcos sE[U?| + E[U)E[V](cos tsin s + sint cos s) + E[V?]sintsin s

costcos s + sintsin s

= cos(t —s)

Similarly,
Ry (t,s) = cos(t — s)

Rxy(t,s) = E[X:Y;] = E[(Ucost+ Vsint)(Usins+ V coss)]

E[U? costsins 4 UV (cost cos s + sintsin s) + V?sint cos s]
E[U?]| costsins + E[UV](costcos s + sin tsin s) E[V %] sint cos s
costsins 4+ sintcos s

= sin(t + s)

px() =0 py(t)

So, {X;} and {Y;} are individually WSS, but not jointly WSS.



