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1. Suppose {Xn})
∞
n=1

is a sequence of independent r.v.s each of which is uniformly dis-
tributed on the interval (0, 1). Define a sequence of r.v.s {Zn} by Zn = n(1−Yn), where
YN = max1≤i≤n Xi. Show that {Zn}

∞
n=1

converges in distribution to an exponential r.v.
with p.d.f.

f(x) =

{

e−x x ≥ 0

0 otherwise.

Here,

FZn
(z) = P (Zn ≤ z) = P (n(1−Yn) ≤ z) = P (Yn ≥ (1−z/n)) = 1−P (yn < (1−z/n))

= 1−P (max
1≤i≤n

Xi < (1−z/n)) = 1−P (X1 < (1−z/n), X2 < (1−z/n), . . . , Xn < (1−z/n))

= 1 − P (X1 < (1 − z/n)) · P (X2 < (1 − z/n)) · · ·P (Xn < (1 − z/n))

Now,

P (Xi < (1 − z/n)) =







0 (1 − z/n) < 0that is, if z > n
1 − z/n 0 ≤ (1 − z/n) ≤ 1that is, if 0 ≤ z ≤ n
1 (1 − z/n) > 1that is, if z < 0

therefore,

FZn
(z) =







0 z > n
1 − (1 − z/n)n 0 ≤ z ≤ n
1 z < 0

we have limn→∞(1 − z/n)n = e−z, so

lim
n→∞

FZn
(z) = FZ(z) =

{

1 − e−z z ≥ 0
0 z < 0

Therefore,

fZ(z) =
d

dz
FZ(z) =

{

e−z z ≥ 0
0 z < 0

So it converges in distribution.
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2. Suppose Xn → X (i.p.) and that there is a constant C such that |Xn| ≤ C for all n.
Show that Xn → X (m.s.)

We have Xn → X (i.p.) and |Xn| ≤ C. Therefore,

P (|Xn − X| > ε) → 0

Define,
A = {|Xn − X| > ε} and B = {|Xn − X| ≤ ε}

and let IA(x) and IB(x) be the corresponding indicator functions, so that IA + IB = 1.

E(|Xn − X|2) = E(|Xn − X|2(IA + IB)) = E(|Xn − X|2(IA)) + E(|Xn − X|2(IB))

≤ E(|Xn − X|2(IA)) + ε2 (since over IB , |Xn − X| ≤ ε and P (IB) → 1)

= E((x2

n
− 2xnx + x2)IA) + ε2

≤ E(4C2IA) + ε2 ( as |Xn| ≤ C )

= 4C2E(IA) + ε2 = ε2 ( P (IA) → 0)

Taking limit n → ∞ we have ε → 0. Therefore we have,

lim
n→∞

E((Xn − X)2) → 0

Therefore, Xn → X (i.p.) ⇒ Xn → X (m.s.) if |Xn| ≤ C.

3. Suppose Xn → C (in distribution), where C is a constant. Show that Xn → C (i.p.)

Xn → C (i.p.) ⇒ P (|Xn − C| > ε) → 0.

P (|Xn − C| > ε) = P (Xn − C > ε) + P (Xn − C < −ε)

= P (Xn > C + ε) + P (Xn < C − ε)

= P (Xn > C + ε) + P (Xn ≤ C − ε)

= 1 − FXn
(C + ε) + FXn

(C − ε)

→ 1 − 1 + 0 (by convergence in distribution)

Therefore,

P (|Xn − C| > ε) = 0 ⇒ lim
n→∞

P (|Xn − C| > ε) = 0 ⇒ Xn → X (i.p.)
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