Utah State University
ECE 6010

Stochastic Processes
Homework # 3 Solutions

1. Show that cov(aX + b, cY + d) = accov(X,Y).

cov(aX +b,cY +d)=FE[(aX +b— E[aX + b)) (¢Y +d — ElcY +d])]
ElaX + b = ap, +b & EleY +d) =cpu, +d

Therefore,

cov(aX+b,cY +d) = Ela(X — ) -c(Y — )] = ac E[(X — ) (Y —p1y)] = ac cov(X,Y)

2. Suppose X ~ AN (0,0?). Use the ch.f. of X to find an expression for E[X"], n € Z.

¢X(u) — ejuu—%ugag — 6%11202

d" d™ 12,2 d" o?u?*  otut  o%ub
FX" =i"— =3 "——e3"? = — 4" — —
X =i gaoxta)] | T dun ( SIS T ) -
[0 nodd [0 n odd
N #2}2), neven | 1-3-5...(n—1)0"™ n even

3. Suppose X and Y are the indicator functions of events A and B, respectively. Find
p(X,Y), and show that X and Y are independent if and only if p(X,Y) = 0.

1 x€A 1 cB
X = { 0 z¢ A Y= { 0 Z ¢ B
XYy = _SVXY) _ EIX.Y) - BIXJEY) _ PlzeAendy€B) - Ple e APy e B
| var(X)var(Y) var(X)var(Y') var(X)var(Y)

So from the equation above,
p=0 = PlxeAandye B)=P(rec A)P(ye B) = X, Yare independent
X,Y independent = P(re€Aandye B)=Plxe€ A)PlyeB) = p=0
Therefore, p(X,Y) =0 < X and Y are independent.
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4. Suppose ¢(u) is a ch.f. Show that |¢(u)|? is also a ch.f.

otw) = Bl = [ e fu(a)ds
00 = 0(u) - 0" (w) = Ele|Ble ) = [ e popts [ e pe(ada

Let Y = —X be another random variable, so fy(y) = fx(—=z) and dz = —dy.

P = [ e petorin [ ey = [ [ e e iyt = i)

So, |¢(u)]? is a ch.f. for r.v. X +V.

5. Suppose X and Y are jointly Gaussian. Use ch.f.s to show that p(X,Y) = p.

. 1
dx.y(u,v) = exp {z(uuz + vpy) — §(u20§ + 0%0] + 2uv g f1yp)

0 0
EXY]= —%%WUW) oo = = 0.0yP F fafly
Now,
HXY) = cov(X,Y)  EX,Y] - EX|EY] _ 020yp+ palty — flafly _ )
var(X)var(Y) var(X)var(Y) 020y
6. Suppose X and Y are jointly continuous. (a) Show that
b
[xy(z,y)
Fy x(blx) = — " dx
rix(ble) o fx(@)
and thus that
[xy(z,y)

fY\X(y|‘r) = fX(:L‘)

For X and Y jointly continuous,

an =z ’ xy(z,y)d b Xy \Z
Fyix(blz) = P(Y <b|X =z) = iltd ifX :d;)( - L ffx((a:) o A J}X(i(x’)y)dy
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Now,

Frix(ola) = - Rl = = [ f)}i(@y)dy - f)}i(fby)

Ay Ay
(b) Suppose [~ |y|fyx(y|z) dy < oo. Show that E[Y|X =z] = [7_yfyix(y|z)dy.

EY|X =] = / y dFyx (yl7)
Now,

Fyix(ylx) = /OO Jyix (y|z)dy

therefore,
dFY\X(y’x) = fY|X(3/‘$)d3/
substituting this in the first equation we get

E[Y|X =] = / T )y

— 00

7. Suppose X and Y are independent continuous r.v.s with c.d.f.s F'x and Fy, respectively.
Suppose further that Fix(b) > Fy(b) for all b € R. Show that P(X >Y) <1/2.

Peezy) = [ oty
= /OO /x fx(x) fy (y)dxdy (because independent)

- [ B

o0

< /“FX@)fX(x)dw:Fi(”” —1/2-0=1/2

o0 —00

8. Prove Jensen’s inequality for the case of simple-function r.v.’s

First, we prove that the convexity idea generalizes to multiple points. For a convex
function ¢(z) we know that

Ac(z1) + (1 = Ne(xg) > c(Axy + (1 — N)xs).
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The general result is:
> hie(zi) = ) Niay) )
i=1 i=1

where > " A, =1 and \; > 0.

We’ll do it for three points, from which the induction to n points should be straight-
forward. Let A\; + Ay + A3 = 1. Consider

)\10(1‘1) —+ /\20(1’2) + )\30(1’3) = (/\10(1’1) + )\20(1‘2)) + /\30(1’3)
Factor out of the first two terms the quantity \; + Ao:

A

A1+ Ao

()\1 + )\2) |: (l’l) —+ C(IL‘Q) + )\30(1‘3).

1
Mt Ay

Since )\1’2:)\2 + )\li\f/\Q = 1, convexity applies to the two terms in the square brackets:

A1 A2

() + al
C\T
A4 TN+ A

A + L2
(Artdz) Mt TN T

1'2)+/\3€(ZE3).
(*)
T+ ﬁxg and \* = \; + A9, we see that we have obtained

Ne(x®) + (1 — X )e(x3)

C(l’g):| —f-)\gC(lEg) Z ()\1+)\2)C(

Now letting x* = Al’}rl/\Q
for which convexity applies again:

Ne(z®) 4+ (1= XN)e(xz) > (N 4+ (1 — Nag). (**)
Combining (*) and (**) we obtain

)\10(1’1) + )\QC(Z'Q) + )\30(1’3) 2 C()\ll'l + )\233'2 + )\333'3).

Now to Jensen’s inequality. It, too, is proved by induction. We will demonstrate
explicitly the first couple of steps. Suppose X = b1, (w) (a simple function involving
a single set A; C Q. Then X takes on two values: by, with probability P(A;) and 0,
with probability P(Af). Then

E[X] = b P(A;) +0P(AS)
and for a convex function ¢

Ele(X)] = c(bi) P(A1) + ¢(0)P(AT) = c(byP(Ar) + 0P(A1)%),
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where the inequality follows since ¢ is convex, and P(A;) + P(A§) = 1.

Now consider a simple function involving two disjoint sets:
X = bllAl(w)+bglA2(w), A1 ﬂAQ :@

Then X takes on three values, by, by, and 0, with probabilities P(A;), P(As), and
P(A§ N AS), respectively. Then

E[X] =0 P(A)) + b2 P(Ay) + 0P(A{ N AS).
And
Ele(X)] = c(b1)P(A1)+c(be) P(A2)+c(0) P(AINAS) > (b P(A1)+by P(As)+0P(ATNAS)

by the convexity in (

. Prove the Schwartz inequality.

Consider the quantity E[(X — aY')?], which is > 0 for all values of the real constant
«. Expanding, we have

0 < E[X?] — 20E[XY] + o*E[Y?] (*)

Now find the value of a that minimizes the right-hand side by differentiating with
respect to a:
—2E[XY]+2aE[Y?] =0

so the minimizing o = E[XY]/E[Y?]. Substitution into (*) we have
0 < E[X? — 2B[XY]/EY?] + (E[XY]/EY*P)E[Y?).
Simplifying, we obtain the expression

E[X*E[Y? > E[XY].



