ECE 7680
Lecture BSS — Application of Information theory to Blind
Source Separation

Objective: To discuss the infomax criterion and apply it to the problem of blind
source separation.

Homework ideas:

1. Given fx(z), determine a transformation g as in ¥ = ¢g(X) so that ¥ ~
U(0,1).

2. Given that X ~ (0, 1), determine a transformation g as in ¥ = g(X) so that
fy (y) has some desired form.

3. Scalar case: If y = g(x) = H%’ where u = wx + wg, show that
Jy
9 _ 1
5~ Wy =)
and that
J Oy
Y 1y 1-2
50 5~ Y~ 9L+ we(l—2y)]
and that
0 Oy
=2 wy(1 - y)z(1 - 2y).
Jws O wy(1 —y)z(l —2y)

Hence, explain the learning rule
1
Aw x — +z(1 — 2y)
w
and

Awg x 1 —2y.

4. If y = g(x) = tanh(wz + wp), show that Aw o< 1 — 2zy.
5. When y = g(Wx + wy), where g is the logistic function

o) = T
applied element-by-element, show that
AW o W™T] + (1 — 2y)abf”
and

Awg x 1 —2y.
6. For x = (x1,... ,z,), define

169 = [ 0)108 711,?5’;)(%)

Show that

n

H(x) =Y H(x;) - I(x).

i=1

This is a generalization of the formula (2.45) of the text.
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Introduction

The principles of information theory can be applied to the blind source separation
problem. We will briefly state the problem, then develop steps toward its solution.

Background and some preliminary results

We consider first the case of adapting a processing function g which operates on a
a scalar X using a function Y = ¢g(X) in order to maximize the mutual information
between X and Y. That is, we assume that g(X) = g(X;w, wp) for some parameters
w and wg, which are to be chosen to maximize I(X;Y). We assume that g is a
deterministic function. We have

I(X:Y)=H(Y) - H(Y|X).

But since g is deterministic, H(Y|X) = H(g(X)|X) = 0, so the mutual information
is maximized when H(Y") is maximized. (Actually, if we are dealing with differential
entropy, this may not be the case. But we will take derivatives, and in any event
H(Y|X) is constant.)

Now, assuming the range of g is restricted (a reasonable assumption), what form
should g be ideally? (the CDF of X). Draw a picture. Recall that

d
fr(y) = fwu)ld—j\x:ga(y) = fo(@)/|dy/de]s—g-1y).

If g(z) = Fx(x), then dy/dx = f.(z), and we get fy(y) =1 (fill in some details).
Under the rule for transformations,

H(y) = ~Blin fy ()] = Bln| 2] — Bl £, 2).

But f,(z) does not depend on our parameters, so we can ignore it.

Of course, we may not know the pdf of X, and may not have the flexibility to
choose. However, what is frequently done is to assume a particular functional form,
and just fill in the parameters. Take

1

:m, U:w1'+w0.

y=g(z)

Then an adaptive scheme is to take

0oy
Oz’ Owox’

0 0
Aw o OHw = 8_w(ln|8—i )
As examined in the HW, we find
1
Aw x — +z(1 — 2y)
w
Similarly, we find
Awg x 1 —2y.
We define by this means a weight update rule:

w1 =l 4y Aw

w([)kH] = w([)k] + poAwg.
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The effect of this learning rule is to drive Y to be as uniform as possible, then the
form of g.
We can generalize this to N inputs and N outputs. Suppose we take

y = g(Wx + wy),
where the function is applied element-by-element (expand out). Then
I(X;Y)=HY)-HY|X)=H(Y).

We want to determine W and wq to maximize the joint entropy of the output,
H(y). W is a matrix, wy is a vector. We have the pdf transformation equation

fy(¥) = fo()1J] 7,

where J is the Jacobian of the transformation,

o0x1 o0xy,
J = det :

ayn ayn

oxy  Oxp

Then, we before, we find
H(y) = Eln|J| — Eln f(x),

where the second term does not depend upon the parameters. Then

AW = aglv(g) = %hﬂ]l.
As explored in the homework,
AW o< W] + (1 - 2y)abf” (1)
and similarly,
Awy x 1 —2y.

BSS

Let s;(t),i = 1,2,... ,n be a set of statistically independent signals. We will later
examine some other assumptions, but for now assume simply that they are inde-
pendent. The signals are processed according to

x(t) = As(t).
Now, not knowing either s(t) or A, we desire to determine a matrix W so that
y(t) = Wx(t) = WAs(t)

recovers s(t) as fully as possible. Let us take as a criterion the mutual information
at the output: H(y). (Q: how did they know to try this? A: It seemed plausible,
they tried it, and it worked! Moral: think about the implications of ideas, then see
if it works.) Then, as shown in the exercises,

N
H(Y):ZH(yi)_I(yla--- JYN)-
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If we maximize H(y), we should (1) maximize each H(y;) and (2) minimize I(y,... ,yn).
As mentioned before, the H(y;) are maximized when (and if) the outputs are uni-
formly distributed. The mutual information is minimized when they are all inde-
pendent! Achieving both of these exactly requires that g have the form of the CDF

of s;. So we might contemplate modifying W, and also modifying g. Or we might

(as Bell and Sejnowski do) fix g, and don’t worry about this. This corresponds to

the assumption that p(s;) is super-Gaussian (heavier tails than a Gaussian has).

We can write

H(y;) = —E[log p(y:)],

where we have

p(ys) = plus) /| 22|

8’[1,7;

so that

_ 1 9¥i

H(y:) = ~Ellogp(u)/| 92|

Thus

N O

H(y) == Ellogp(ui)/|5 [ = 1(y)

i=1 ’

Then
0H(y) _0-1(y) 9 < Oy
= —— ) El i
o= o g 2 s/ 5]
In the case that p(u;) = |g)yZ |, then the last stuff goes away. In other words,
»

7
we ideally want y; = g;(u;) to be the CDF of the u;. When this is not exactly
the case (there is a mismatch), then the last term exists and may interfere with

N
the minimization of I(y). We call the term % ; Ellog p(u;)/| gzz || and “error
term”. Now we note that
H(y) = —Ellogp(y)] = —Ellog p(x)/|J (x)[] = —E[log p(x)] + Elog |/ (x)]]-

The term — E[log p(x)] does not depend upon W, so we obtain

OH 0
BY) _ 0 ltog 7<)

Now we come to an important concept: We would like to compute the derivative,
but can’t compute the expectation. We make the stochastic gradient approx-
imation: Eflog|J(x)|] ~ log|J()]. We just throw the expectation away! Does it
work? On average!

Now it becomes a matter of grinding through the calculus to take the appropriate
partial derivative. Since

oy oy
J(x) = det :
IYn Oyn

0x1 Oxy,
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we will consider the elements:
0y;  Oy; Ouy 0y;

P, ou 9w, 9 au,

. . . . Oy .
since u = Wx, and y; = g(u;). Because this connection, the partial a—‘% is nonzero

U
only when ¢ = j. Combining these facts, we find
N Oy
= det :
o) = des() T 1520
Thus
oH (y) 0 ayz y;
W = oW log | | det(W |H| = 10gdet|W|+aWZI g| \

=W~ +Z 5'1/1'

(See appdx E of Moon and Stirling.) Looking at the second term,

8uk Bw 5‘uk Ouy’ Ou; Ow;j 8uk ou;

Wi =

. ou;
since =z
8wij )
Let us write

j.

yi

This looks like a density, and ideally would be so, as discussed above. But we can
think of this as simply a function. We thus find, stacking all the results,

Op(u)
aw Z yz p?ﬁ) <
This gives us the learning rule:
OH(y) -T 81(;(1;1) T
aw — p(u) |
We will let
Op(u)
v(w) = -0

be the learning nonlinearity, also called in the literature the score function. Then

9H(y) _ T T
oW = %% P(u)x’.
Example 1 Let
1
y=g(u) =

1+e @

0 0 0 0 0 Ou; O dy; . Oy,
O S g o] = 2 G 3y g, = 2 ) o =G G

J
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Then
0
(u) = a—y =y(l—y)  Ipu=y(l-y)?*—y*(1 -y
u
and
blu) =1-2y.

We thus obtain the weight update rule

OH (y) -T T

— = 1-2 .

PTG W= +( v)X
O

Example 2 If g(u) = tanh(u), then ¢(u) = 2 tanh(u). O

This approach can only separate super-Gaussian distributions (heavy tails).

Mackay’s approach

We consider the BSS problem as a ML estimation problem. To begin with, we state
a lemma that we will need.

Lemma 1 Let x = As, so that x; =), vj;5;. Assume that A is invertible. Then

/1;[5(%' - Z:vjisi) 1;[1%(8]') ds = detl(A) 1:[29;'(2(1471)]@-%)

i

Proof We shall give an explicit proof for the 2 x 2 case. Explicitly, we have
I= / [/ 0(xy — a1181 — a1252)0(T2 — ag181 — ag252)p1(s1)p2(s2) d31:| dssz.

In the inner integral, we must have s; = ﬁ(xl —ay282), and we get a factor of i
(Recall that by the definition of the § function,

/ 5o — v3)f(s)ds = © f(a/v))

So
1 as1 a22a11 — A12a21 1
I=— [z — —x1 — so(————))p1(—(x1 — a1252))p2(s2) ds2
a11 a11 a11 a11
Solving for se in the argument of the ¢ function, we must have
a11T2 — a21T1
§g = ——— -
11022 — G12021

Now evaluating the integral and substituting for this value of s, we find

I = L a1 ) A22T1 — 1272 ) 112 — G211

a11 G22011 — A12021 22011 — A12021 22011 — A12021
from which the result is apparent for this case. a
Given a sequence of observed data {x1,... ,xy} obtained from x = As we write

down the joint probability as

N N
P(x1,....xn,81,... ,sn|A) = [ P(xnlsn, A)P(sn) = [] |T]0Gns =D ajisn) [[ pi(sn.s)
i J

n=1 n=1 7
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To do ML estimation of A we examine

P(x1,...,xy|A) = [[ P(xn]4),

n

The ML solution is to find the A that maximizes this likelihood function. We have
P(x,|A) = /P(xn|sn,A)P(sn)dsn
= /H 8(kn; = Y ajisni) [ [ pi(sns) dsn
J i J
1
= j A71 j1Xn,1 )
det(A) E[pj(z( )J X ) )

i

where the lemma we derived before has been used. The log likelihood function is
log P(x,|A) = —logdet A + Z log p; (Z(Ail)jixm).
j i
Let W = A~'. Then
log P(x,|A) = logdet W + Z logpj(z WiXn i)
j i
Now we proceed as before, computing the derivative of the log likelihood with

respect to W. The first part is easy:

% logdet W =W~7T.

For the first part:

0 1 P
Wonn ; logpj(; Woia) =2 p;i (22 Wiiwi) 8Wmnpj(¥ Wi

J

1 )
= pm(zi szxl) 3Wmnpm(; Wmiﬂ?i)
— 1 apm (am) (9am B
B Pmlam)  Oam W (am = ; Winix;)

B 1 . Opm (am)
" pm(an)” " Oan

Let

1 dpm (am)
Pm(Gm)  am

d
¢m(am) = W logpm(am) =

and let z,, = ¢ (ay,). Then we have

7 %

Thus

% log P(x,|A) = W~ T 4 zxT.

Compare with what we had before!
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Natural Gradient

The training law we have developed up to this point requires computation of W=7
We can modify this by

OH(y)

T
8WWW

AW x

This becomes (since u = Wx)
AW « (I — p(u)u®)W.

Example 3 With the natural gradient, the weight update for the logistic function
becomes

(I —2yu")W

a

This modification to the gradient, multiplying by WTW is called the natural
gradient (Amari, 1998). In this section, we examine this, with any eye to the
question: what is natural about it?

Comment on scaling of update formula.

We follow Amari 1998 in the following discussion. Suppose S = {w € R"}
is some parameter space (e.g., the space of parameters in the weighting matrix.
Suppose there is some function L(w) defined. Consider a parameter value w, and
some incremental change to w 4+ dw. If the parameter space is Euclidean, then the
length of the increment is

n
Jaw]? = S ()
i=1
However, not all parameter spaces are Euclidean. Consider, for example, a case
where the parameters all lie on a sphere. Then the appropriate distance measure is
not simply the sum of the squares of the coordinates, especially if w is measured in
spherical coordinates! So we measure the change differently:

[dw||* = Z gij (W)dw;dwj.
,J

Here, g is called the Riemannian metric tensor; it describes the local curvature
of the parameter space at the point w. In terms of vectors, we can write

lawl? = w” Gw,

where G = G(w) (a function of w). G is symmetric. We see that we are simply
dealing with a weighted distance, induced from a weighted inner product, defined
by

(x,¥)e = yTGx.

When G(w) = I, we simply get the Euclidean distance.

Now consider the problem of learning by “steepest descent.” The question is,
do we really go in the right direction, if we take into account the curvature of the
parameter space. We want to decrease L(w) by moving in a direction dw to obtain
L(w + dw), and do the best possible job with the motion. Let us assume that we
have a fixed step length,

ldw]]* = ¢

for some small positive e.
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Theorem 1 The steepest descent direction of L(w) in a Riemannian space with
metric tensor G is

—VL(w) = -G Y(w)VL(w),
where G=1 is the inverse of G, and VL is the conventional gradient,

TOL(w)T

awl

OL(w)
VL(w) = 8@2

BLiw)
L Ow,,

Observe that the usual “steepest descent” that we deal with always assumes that
G=1

Proof Let a be a unit vector (under the Riemannian metric), so
aGa=1,
and let dw = ea. We want to find a to minimize
L(w +dw) = L(w + €a).

Expanding L in the first two terms of a Taylor series (generalizing on a scalar Taylor
series) we find

L(w +ea) = L(w) + eAL(w)"a,

where AL(w) is the conventional gradient. To minimize L under the constraint, we
set up the problem

J(a) = L(w) + eAL(w)Ta — %aTGa.

Then
oJ
aila) = ¢VL(w)— \Ga =0,
leading to
a= ;G_1VL(W).
Then A is chosen to normalize a (without changing its direction). a
We call

VL(w) = G 'AL(w)

the natural gradient of L in the Riemannian space. In Euclidean space, it is the
same as the usual gradient.

Now consider the BSS problem in the context of natural gradient. We first
formulate the problem. We have, as before, signal vectors s(¢) with independent
components, so that

p(s) = H pi(si)
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and x(t) = As(t). The output is
y(t) = Wix(t),
and we update the matrix by some learning rule

Wt+1 =W; — ﬂtF(X7 Wt)o

Previously, we took the learning update to be F(x, W) = (y), but this will

—H
ow
now change.

We observe that in order to obtain equilibrium, the function F' must satisfy

E[F(x,W)] =0 (2)

when W = A~! (we stop changing at the correct answer). Now let K (W ):R"*" —
R™ ™ be an operator that maps a matrix to a matrix, and let

F(x,W)=K(W)F(x,W).

Then F satisfies (2) when F does (same equilibrium). We want to determine what
form the transformation should take.

Let dW be a small deviation from a matrix W to W + dW. dW constitutes a
“vector” starting from the point W. Let us define an inner product at W as

ds® = squared length of the vector at W = (dW,dW),,, = [|[dW||>.

(Draw a picture of a curved W surface, and the vector on it.) We can pull back the
point, mapping to another surface, by right-multiplying by W~—!. Then W maps to
I, and W + dW maps to

I+dX
where
dX =dww™1,

A deviation dW at W is equivalent to the deviation dX at I by this mapping. The
key idea is that we want the metric to be invariant under this mapping: the inner
product of dW at W is to be the same as the inner product of dWY at WY for
any Y. Thus we impose the invariant

(AW, dW )y = ([dWY,dWY )y

In particular, when Y = W1, we have WY = I. We define the inner product at I
by
(dX,dX), =Y (dX;;)? = tr(dX"dX),
4,J

the (unweighted, Euclidean) Frobenius norm. Under our principle of equivalence
(using dX = dWW 1), we should therefore have

(AW, dW )y, = (dX,dX); = tr(dXTdX) = te(W TdWTdWW ! = Z Gt (W)AW,;dWy.

,7,k,1
It follows that the Riemannian tensor has the form

Gijel = Z Sik(W ™) i (W 1)
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We can determine an explicit form for the natural gradient using the principle of
invariance. We interpret V f(W) as a vector applied at W, and V f(W) as a vector
applied at I. Then we must have

- - _ _ A
(VIW),dW)y = (VFW)W L dWW ) g0 = (VW) AW),
We thus have (using the definition of the inner product)
te (WL F(W)TdWW L) 2 (Y F(W)TdW).
Using the commuting properties of trace we find
tr(W W =TV (W) Taw) = te(Vf(W)Tdw)

te[(W AW TV ()T — vFW)T)dw] = 0.
Since this must be true for arbitrary dWW, we must have
WIWIVFW)T = V)T
or

VW) =vfw)ywiw-1

So what about p(u)

0
We have observed that if p(u) = |8—z |, then the last terms of the density go away. We

also commented above that the given form works only for super-Gaussian sources.
So what do we do in the case where this is not a good assumption. One approach
is to deal with two densities.

On the one hand, we take

giving (where a = u/0?)

_u exp(au) — exp(—au)  W/6? — /o tanh( /o
¢(’LL) - 0,2 (exp(au) +exp(_au)) lu’/ /j’/ t h(lu‘ / )

This p is subGaussian. When g = 1 and 02 = 1 we obtain
6(u) = — tanh(u),
and the learning rule (employing natural gradient) is
AW  [I 4 tanh(u)u? — uu”|W.
The superGaussian density is modeled as
p(u) o< [N(0,1)] sech®(u)
giving rise to
¢(u) = u + tanh(u)
and the learning rule
AW  [I — tanh(u)u? — uu?|W.
Combining these, we obtain
AW o {(I — tanh(u)u? — uu®?)W super-Gaussian
(I +tanh(u)u? —uu?)W sub-Gaussian

The decision between rules can be made on an element-by-element basis. A decision
must be based on the available data.



