Notes on the use of double
integrals for calculating area
properties and volumes

Prepared by
Gilberto E. Urroz, September 2005

for

CEE 3500 — CEE Fluid Mechanics



Dcyu‘o(z lnie;‘\rc&s — Use thom gmcalwﬂa%vaw propertien , for xamnple . The qﬁ%(,re
shows a Caxtesion Qjﬂww\lrc{a/rm dA =dx. AAJ

T'e\‘zm‘ﬁp-/m“ea\m 15 cal cwdated an

= § o = e
K R

The Siret movientds affw oz

M 3334‘\ - Si hyd
M - g'di = %%D(Afnc!kx
omdﬂewwkx)%tw{’mm T = 583?4A,_ S@‘a Ayl

herual calcuohim 5§ double intege

FirsT we weed 1o defnetre ragion 2 i pessible was(s
N 9 =91 x=920y)
) we'll calanlate
3_;(5 _ —_
// B = || 4cundn
Y=y (x) 1= 2 R
I e — = ¢ —T/
x=b _ SONERIC POURLES
_ R {3 er e | NTEoten_
Q;1¥1(1)$3$Qz(x)) J 1 />
2% < Cs
o €x<h 3 b f60 1(1 2’
Cane A @ = Sg%@c.‘ﬂ dA = S g 43(3(/"1) CI‘:) dx = ) /\{/CDQ dx é"’l
R, a  £,(0) . NOTE THE
" o€Pek
loulate frst of o, dy

; 2(9—7- V) ) j
ose B § = YA -S § dcxqy dx dg = | Mdy S
alonlate frst

=7



EXPWPE Q:idr:ta&qg?__xZ)_Réxs R dA = diy o

+r YoZx?

TRZ
x?ﬂi\z? 9 R I‘T=SKSA’A=§RSJ‘1°("=”£
P (o] ,Q m
o USine | P-4a G+ : S g\a-xl dy dx = AT
— Lo —>x ‘e’ :
- +
pP-xt 2 & VeZxt’
Mz =\\9dA = dx = 2% Mh=\\xda= zdx = O
%%(j S[L &o 13% Z 2 ‘O &rL S{(LA"]
n Ngtx RS 4
Ao\ yHa = 2 Jx:@ﬁ 1% -\{~da= Pydrx = £
R e e R
M B Q% xdA MA ) XS 1‘(A‘ le:;/é ffE’
oo M= B o, et

(o(w WW“'&(‘W’H“%&\MM"?MYRhm: LCIJ,‘\"IL]: Pf‘_?_,) \L’oi\{i/;\—: :\g_\a

K e x! = cenrroided deencis , §ie., oIS
ant PWWM conod . The
" mn Qaf(f\\\d XA W\;@m inducat-es that
< > e 3 g =TotiiA
X 3 l\-€.)

-Q \ R .

I—I":Ix,"lacA
N Tl = R“(W H4o\2 \22ﬂ y an’- G
roe fis cane, Tt = 55 = (%5)- 57 = ¢( :,1>

NoTE = S 140 AL p. 428, her Dropecties o arear
NOTES ABAT DOUBAE INTECALS o

@ 1§ Ris recrmmglor, R= L e=9=d, acxeb} dew | § o de =
ng:@(x)u\\o\xAﬁ:) >"'Q')W”?W\‘J’C%T7‘M.M coun boe @(d/\awgl—ﬂq
. y

@ (? @iSvcdzwéaQﬂn’ (s above | anmd §<a,v,] = Q/\(x)%u]) ,% ggc{{x\\)da&

b y rct )
= £ 0 g oy 4y = (S roane] (S a4y




NoTE: ) 15 am) buncrionel Yheinde pendont vanables x, - 1% CQCCaDOL‘f'I}\a

atea fmp@(hw we autaie -
- PR ApEn, DL,y =4.0
> REUAT MomenTs c#(i,\/]]:x oV C%CL)%):J

) %ﬁ) 4(3‘4\1): Izj C’#‘an“\):jz, d&(f)(ﬂ:ﬁzﬂjz

Exonple . Wit Cb(x,%) = x+Y-2, amd Yne vegion R sham, coldocte

@ = (4@ AL SOUATIN:
“ = §fhendi < S § Gerge2)dq e
Y ‘azg‘z(ﬂzx ot
4 o
_ S (1{.)4—-’- -2 ]\
3——?1()&] x 2 o f_oeNdr

4 A=

S (2222 -2 2+2x2]o\1“g C'Z e

X
2, %2
+ 3 xS2x)dx

Lb-1S+710 —U
S f 3.5 _eqit_ 1 L o3 4 =
25___£ = X=X == T T
To-W_ L
= 60 O

To cdeclade dowbls integralsin e HP YA G+ o TLES, eimply ure The
W s«/\m\ao | hice ow\—onr\é’hxo proper Linmds , 2.9, fm, Twis cane .

HP4A G - T1-%1:

4
S Sx(x*’f]’z-)aﬁax‘ SCS(x+y -2 ,y,x"2,%3,%,0,4) [Frme]
>

lamee | [evad |




Examples
LEAN GUAR. 11 TEORATION AEGT

4
R=1) 28y dexe 4f géf’("»‘ﬁd"f: E gz‘xzﬂca)&lou

4 M
o, § otpydedy < g,

1 2 12 4 ¢ 7 Zakam,efﬁdnw“%z,dﬁ mkjf"\ﬁém
U\/}C ’E‘(X, \: 2 1 .
. Y X \j *‘3 ) %\3’“\9\'{" {Gﬂ‘/()?— ’Q/\Cx)caa,l] Mﬁx L\(M:k‘zlj(‘]):\rﬁ
& %zj:L\((/lIJUj ddx = 2 3 G-45) (1t e (5-202) - (35605 ~2404E.)) A
& =Ms.

(8, =) (S e) - G 70 199590

= (on) () 'W“’gm SSCLEICD NPT

NOTE » WTeRPrEmtion of gq Coguyda . Tuncnom 2={04 ) reprernts a sucface in spate .
t= ‘(\’(?‘M)

£ vlomee] e
ey wi Tl
| heng ab A

Q@Lﬂ) A M’ﬁ h4-

f Y {(x)\ﬂ :

&V = {6, uy oA

dh =<ﬂ1dx

e X~y th‘:\t:&\ ﬂ/\p\g)/ﬂ/\a\ V’C)W/ﬁ ,f\/\Q \Qoﬂ(*j Ui $<d {Oj
YC’/Z]W\ Y\ amci MQ\N%\C@ %:—@CX,\@ i3
cleodated o The doubl 'mkﬁrz& X
Cox,q) over 1T £

\}_:S-I&V = ﬁgm )O(AI = : I Ax
Jou = Bsom g%‘ﬂ‘*ﬂ



r=£604) = V- 3542 (Gom % of sphore 2%y pt= )
K = {Qc;jf—.\hzz—xz) O‘='x’=ll}

K=o 1=

‘1=\I|Z'L—x2

R (fesm eB.oFciece
x. rEtyt=")
R NEAx?

o

g \lflz—ﬁz‘%?' dwydx T

Tha, VDWJX 1!30:?43“/@«() \/u: SSWC(M)JA = -
R

o

voMNwaJ?agP\w-c) \ = BV, = 8-“—5 _ %\T\Z}

Meea (dowble ) mme(S in polar ceardinade)

POu4) Gacestan  Bolawe w724y
Q =4om 1ol =)
Pol o Canteriomn =V cosh
*® (j =Y #nfb
x (o
Wl Tle(apt) T2 o (46°)
m U{T‘I (30 IWWQ\S ivwdkf\’»% cireafar MQA NN
st - em%&t) ce8efaded i polaw coardinetes
“®
- N e=o EEMENT OF ARES ,
-1 (fad “n PD‘aerrdiﬂa"eS QAY = Y‘cgrd@
"5‘}?/(0 .‘ ~Tle j (\
N
-—77[3 \ YA'-% &\-)
“HiE ‘qf?
P copr0impre eiD
bouBle-iMTEea in polar coordinag
SRXJ?CF,G)JA: ggwc\r,e} rdrd g >

R.



EXP(MP(&S - rdrd& = 5 2 Kd
e, fr= 55 da §=§rra . |, de

Y 6=Tl3 s ) )

g R2dp= 2 o Z %R.

2, dhk °
= 6’ = rS’lVLd')
crean (eeald, oc= 0O

1 FILST MOLETYS oF rea A

T_ZA R M _Sg‘,}dA g rymércfrﬂ(ﬁ % Sv Sin @ S dl
R=) 0ersR, 0= <Ms] U “”6‘*‘6“% odr | = [-eese] L]

= (—cos"l%+w50)(’~§3 L+ & ; :7.,3___
Ty B

Mo = \f xdA= S Smxéro‘ro@ S., % Lo ®drdd = Q us&‘&e)qb"%’O

2

- (%Me\tf%)<%> :(m“ls—o)_?;: (’ri)<§> _52'3

A

T (PN 41 3@

o= [(oedn= §§ el rdeds = (1§ cSrodrdos Rl Lo
« ) CAMQR-((D(W)\&

NOTE - 4o emter B Jr\ﬂe a1 T (1) P Yaet

T3 g
el 2 _ 4m+33 0% g (g gt
= ZJA = 2 0eb rdede = «x‘6 Iedf =
L 5, e
UATOLD 3 ( qan 2% R

L R AR OB

ﬁ Q ‘q’r?- 4122 :\IZH%T@]R= 0.6 R

R
A‘ T\'Qz[@ J\(D
’—_————_‘ ‘
R R e B e T IR (T T
1 22 gt = S22 p o< 4.053R
A Tlﬂ_z/(o \ 16 “4

- A
ooy Tt _ (T8 _ R
N =7 ~ =

rd

(‘ﬂzr +qﬂ+3‘f3—j‘2ﬁ: om 4
2

T pt= e
A, G N

Lgcl\:



